+a2(x)n2(x)+a3(x)n3 (x) and so v\S2:x-> (ax(x), a2(x), a*(x)).
In the above II'(x) denotes the unit vector in the ith direction of the frame II at the point x.
A homotopy of the field v will always be smooth and through fields vt such that ||pt(x)|| = 1 for all xES2. A homotopy of the framing will always be smooth and through rigid rotations about each point. Both the above operations leave the index unchanged. Let n denote the unit outward normal vector field on S2.
The following observation is due to M. M. Peixoto.
Lemma. There exists a smooth vector field a that is (.-homotopic to v such that the field p. is tangent to S2 only at a finite number of smooth Henceforth it will be assumed that the vector field has been prepared in accordance with the above lemma. The Ci} i=l,
• ■ • , p will be called circles of contact and any region where the field has a positive (negative) component in the direction of n will be called a region of egress (ingress). Thus the interior of Ait i=l, ■ ■ ■ , q, is a region of egress and B is a region of ingress.
Let the At, i= 1, • ■ • , q be oriented as submanifolds of S2 and the d, i = l, • • • , p be oriented as boundaries of the appropriate Aj. There exists a framing Sy of V that is smoothly homotopic to II such that along Cj the last component of Sy is n. The field p on Cy can be expressed as oi(x)Sj"(x)+o2(x)S|(x).
The degree of the map h: Cy-►S1 defined by h: x->(6i(x), o2(x)) will be called the index of p with respect to Cj and will be denoted by lip,, Cf). Clearly this index does not depend on the choice of Sy.
We can now state our main result.
Proposition. The index of the field such that all of S2 is a region of egress is +1. In all other cases Iit3.,S2) = -1 + T,I(ji, Cj).
3=1
Proof. Clearly the theorem holds if all of S2 is a region of egress so we can assume that not all of S2 is a region of egress. The field p can be deformed to the field p' so that all the circles of contact of p' lie north of the Tropic of Capricorn and so that the region south of the Tropic of Capricorn is a region of ingress. Moreover the deformation can be constructed so that there is a one to one correspondence between the circles of contact of p and p' and such that the corresponding indices are the same. The frame II can be deformed to a frame S where S has the following properties (i) north of the Tropic of Capricorn the last component of S is v, (ii) in the southern hemisphere II and S agree, and (iii) between the equator and the Tropic of Capricorn the homotopy between S and II can be accomplished by a rotation through an angle less than or equal to 37r/8. could be quite arbitrary differential manifolds and so the formula says that the index in M-dimensions can be computed by computing the degree of a map from an n -2 manifold into the m -2 sphere. The above procedure does not seem to indicate how to compute the degree of this map and so the inductive procedure stops. Thus the above is only effective in dimensions 2 and 3.
